We investigate the capability of density functional theory (DFT) to appropriately describe the spin susceptibility, χs, and the intervalley electron-phonon coupling in LixZrNCl. At low doping, LixZrNCl behaves as a two-dimensional two-valley electron gas, with parabolic bands. In such a system, χs increases with decreasing doping because of the electron-electron interaction. We show that DFT with local functionals (LDA/GGA) is not capable of reproducing this behavior. The use of exact exchange in Hartree-Fock (HF) or in DFT hybrid functionals enhances χs. HF, B3LYP, and PBE0 approaches overestimate χs, whereas the range-separated HSE06 functional leads to results similar to those obtained in the random phase approximation (RPA) applied to a two-valley two-spin electron gas. Within HF, LixZrNCl is even unstable towards a ferromagnetic state for x < 0.16. The intervalley phonons induce an imbalance in the valley occupation that can be viewed as the effect of a pseudomagnetic field. Thus, similarly to what happens for χs, the electron-phonon coupling of intervalley phonons is enhanced by the electron-electron interaction. Only hybrid DFT functionals capture such an enhancement and the HSE06 functional reproduces the RPA results presented in M. Calandra et al. [Phys. Rev. Lett. 114, 077001 (2015)]. These results imply that the description of the susceptibility and electron-phonon coupling with a range-separated hybrid functional would be important also in other two-dimensional weakly doped semiconductors, such as transition-metal dichalcogenides and graphene.
I. INTRODUCTION
Low doping of layered multivalley semiconductors is a field of intense research in nanotechnology and superconductivity 1, 2 . Fairly high T c values have been reported with doped two-dimensional semiconductors, such as transition metal dichalcogenides [2] [3] [4] [5] [6] , ternary transition-metal dinitrides 7 , and cloronitrides 8, 9 ; the doping of which can be achieved and controlled by intercalation [8] [9] [10] [11] [12] [13] or field effect 1, 3, 4, [14] [15] [16] .
Weakly doped two-dimensional, and quasi-twodimensional (2D) semiconductors composed of weakly interacting layers stacked along the z-direction, behave very differently than their 3D counterparts. In 3D semiconductors, with parabolic bands, the density of states, N (0), increase as the square root of the Fermi level, so that the number of electrons increases smoothly from zero. This explains why a substantial number of carriers needs to be inserted in 3D semiconductors to achieve superconductivity 17 . In a phonon-mediated mechanism, T c is often proportional to the density of states at the Fermi level. In 2D, as the density of states (DOS) is constant, one would expect a constant T c as long as the phonon spectrum is weakly affected by doping. This is in stark contrast with what happens in Li x ZrNCl in the low doping limit. This layered system can be considered the prototype of 2D 2-valley electron gas. Indeed the bottom of the conduction band of ZrNCl is composed of two perfectly parabolic bands at points K and K ′ = 2K in the Brillouin zone. The interlayer interaction is extremely weak [18] [19] [20] [21] . Upon Li intercalation, the semiconducting state is lost and superconductivity emerges. Surprisingly, the superconducting critical temperature T c is strongly enhanced in the low-doping limit [8] [9] [10] , despite essentially parabolic bands, two-valley electronic structure and an almost constant DOS [18] [19] [20] .
In a 2D 2-valley electron gas, the reduction of doping implies an increase of the r s electron-gas parameter and, consequently, of the electron-electron interaction 22 . Then it can be expected that in the low doping limit the electronic structure, the vibrational properties, and the electron-phonon interaction are strongly affected. This is confirmed by the behavior of the magnetic susceptibility. Despite Li x ZrNCl being nonmagnetic, in the low-doping limit, the magnetic susceptibility is enhanced in a way very similar way to that in the superconducting T c . The interacting magnetic susceptibility χ s is not constant, and strongly deviates from the constant free-electron-like behavior in 2D 23, 24 ; in particular, the susceptibility χ s is enhanced at the low-doping regime.
In a previous work 21 , the behavior of χ s and T c as a function of doping was investigated by using local functionals and a 2D two-valley electron gas model solved within the random phase approximation (RPA). In this framework, it was found that the electron-electron interaction enhances the electron-phonon matrix elements of those intervalley phonons inducing an unbalance in the valley occupations. The enhancement increases by in-creasing the r s parameter or, equivalently, by decreasing the electron density.
In this paper, we perform a systematic study of electronic, magnetic, and vibrational properties of Li x ZrNCl using density functional theory (DFT) beyond the standard LDA/GGA approximations. We investigate the effect of an exact exchange component on these properties and discuss the relevance of electron-electron interaction in determining the superconducting properties of Li x ZrNCl.
In the following section, we show the structures used in our calculations. In Sec. III, we present the technical details of our calculations. In Sec. IV, we present the results of the electronic structure, magnetic properties of valley and spin susceptibility, phonon frequencies, and electron-phonon coupling. In the final section, we conclude our work.
II. CRYSTAL STRUCTURE
The structures of undoped β-ZrNCl and Li-doped ZrNCl have been investigated using synchrotron xray 10, 25 and powder neutron diffraction 26 . The primitive unit cell of ZrNCl has rhombohedral structure (space group R3m, number 166) with 2 formula units per unit cell. It can be also be constructed by a conventional cell of hexagonal structure with 6 formula units per cell, as shown in Fig. 1 , where the ABC layer stacking is evident.
Upon Li intercalation, Li atoms are placed between the ZrNCl layers. Li acts as a donor and gives electrons to the Zr-N layers. It has been shown that the Li intercalation can be simulated by including an effective background charge, both for what concerns the electronic structure and the phonon dispersion 18, 20 . Thus, we simulate Li doping by changing the number of electrons and using a compensating jellium background. In all our calculations, the lattice parameters a and c are fixed to experimental values of each doping 10, 25, 26 and the atomic coordinates are relaxed within a fixed volume.
In order to be able to carry out the finite-difference electron-phonon coupling calculation at the special point K, we take advantage of the weak interaction between the layers 27 , making the stacking order negligible. Therefore, we adopt the ZrNCl structure with the lattice parameter a set to the experimental value of each doping and simulate a single layer by inserting 12.5Å vacuum between one ZrNCl layer and its periodic image corresponding to c = 18.734Å. This is equivalent to the hexagonal structure with the space group P3m1 (space group number 164), with 2 formula units in the unit cell. Then we create a supercell with the lattice vectors √ 3a × √ 3a × c, with 6 formula units. In the Brillouin zone associated with the √ 3 × √ 3 × 1 supercell of the hexagonal structure, the special points K and K ′ fold at Γ, as shown in Fig. 2 . 
III. COMPUTATIONAL DETAILS
Calculations are performed using the Hartree-Fock (HF) approximation and various flavors of DFT: the Perdew-Zunger parametrization of the local density approximation (LDA) 28, 29 , and generalized gradient approximation (GGA) as implemented in PBE 30 ; hybrid functionals with different exact exchange components, i. e., B3LYP [31] [32] [33] and PBE0 34 ; and the range-separated HSE06 35 hybrid functional. The CRYSTAL14 periodic ab initio code 36 is used with norm-conserving pseudopotentials and Gaussian-type triple-ζ valence polarized basis sets 37 with the most diffuse Gaussian functions of the Zr basis set reoptimized for periodic calculations. In or-der to check the accuracy of the Gaussian basis sets, the electronic band structure is compared to that obtained from a plane wave basis set calculation performed using the Quantum ESPRESSO method 38 with the PBE functional 30 . The doping of the semiconductor is simulated by changing the number of electrons on a compensating jellium background, which has been previously shown to give accurate results for this system 18, 20 . The atomic coordinates are relaxed with lattice parameters fixed at the experimental values. For the energy convergence, a tolerance on the change in total energy of 10 −9 Ha is used for all calculations. A Fermi-Dirac smearing of 0.0025 Ha; shrinking factors of 48-48, corresponding to an electronmomentum grid of 48 × 48 × 48; and real space integration tolerances of 7-7-7-15-30 are used for the relaxation of the internal coordinates and calculating the electronic band structure 39 . With this method, the exact exchange is computed in direct space, so the k grids and q grids of the electron momentum for the functionals with the exact exchange are equivalent. The density of states is calculated using a Gaussian smearing of 0.005 Ha.
The effective mass, m * is calculated from the curvature of a fourth order polynomial fit to the region between the Fermi energy and the conduction band minimum around the special point, K, assuming that the mass tensor is isotropic. The fit parameters are given in Appendix A.
The spin susceptibility, χ s , obtained from the curvature of the energy as a function of total magnetization, M , is more sensitive to the smearing and the k grid. Therefore, a smaller Fermi-Dirac smearing temperature of 0.00125 Ha and finer shrinking factors of 120-120 are used to obtain energy as a function of magnetization, E(M ).
Electron-phonon coupling matrix elements and phonon frequencies are calculated with Fermi-Dirac smearing of 0.0035 Ha and shrinking factors of 24×24×1 in the √ 3× √ 3×1 supercell of a single 2D lattice with AAA stacking. The bands with the HF approximation in Sec. IV B are also plotted with these parameters. For the electronphonon coupling calculations, the atoms are displaced according to the phonon pattern of the mode. As this pattern is determined only by symmetry, we use the same pattern as a function of doping.
IV. RESULTS

A. Electronic Structure
Undoped β-ZrNCl is a large gap insulator. The direct band gap of the insulating compound is measured to be 3.4 eV with optical absorption spectra 40 , while the indirect band gap of the Na 0.42 ZrNCl is measured to be 2.5 eV with valence-band photoemission 41 . When doped, Li intercalation acts as a rigid filling of the parabolic conduction band minima (valleys) at K and K ′ = 2K of the Brillouin zone, leading to two quasispherical Fermi surfaces. We have calculated the electronic band structure with different levels of approximations to evaluate the effect of the exact exchange on the electronic structure, band gap, and effective mass. The calculated electronic band structure is shown in Fig. 3 and a detailed view around the conduction band minimum is shown in Fig. 4 for the lowest calculated doping of x = 1/18. Our PBE band structure is in agreement with previous calculations 20 . We also present the density of states of the undoped structure in Fig. 5 . The fundamental band gap is between the Γ-point and the Kpoint. We have also calculated the change in the direct band gap at the K-point with different approximations. These results are presented in Fig. 6 . The LDA and PBE approximations produce similar results; the electronic bands and the density of states are almost indistinguishable. As a percentage of exact exchange is introduced with B3LYP and PBE0 functionals, the band gap increases with increasing exchange fraction. This becomes extreme in the HF limit, with a much larger band gap. Therefore, there is a clear trend on how the electronic structure is modified with introduction of the exact exchange in the approximations: the larger the exact exchange is, the larger is the calculated band gap. For example, for the lowest doping of x = 1/18, the calculated band gap changes as follows: with LDA and PBE E g ∼ 1.8 eV, with B3LYP and PBE0 E g = 2.8 eV and E g = 3.0 eV respectively, and finally with HF (which is the most extreme case) E g = 8.1 eV. However, the introduction of the range separation together with the exact exchange breaks this pattern. With the HSE06 functional, we obtain a gap that is in between the PBE and B3LYP results. For the lowest doping of x = 1/18, the calculated band gap becomes E g = 2.6 eV, and the HSE06 results are in very good agreement with the valence-band photoemission measurement of the indirect band gap of E g = 2.5 eV. Furthermore, how the band gap changes with increasing doping is different with different approximations. The band gap essentially does not change in LDA and PBE approximations, with a decrease of < 0.02 eV between the lowest and the highest doping. However, in the same doping range, the gap decreases by 0.4 eV for B3LYP and 0.5 eV for PBE0. The most extreme difference of ∼ 2 eV is obtained again with the HF approximation. Hence, the gap does not stay constant if the exact exchange is introduced. When the range separation is introduced, the band gap still decreases with the increasing doping, but the difference is in between the PBE and B3LYP functionals. With the HSE06 functional, the gap decreases by ∼ 0.2 eV between the lowest and highest doping, keeping the results in good agreement with the experimentally reported value. Another result we can deduce from the electronic band structure is the change in the curvature of the conduction band, from which the effective mass, m * , is calculated.
At fixed doping, as the exact exchange is introduced, the curvature of the conduction band gets larger, leading to smaller effective mass. This is also apparent in Fig. 4 , and can be seen when the PBE functional is compared to the hybrid B3LYP functional, and further to the PBE0 functional. Intermediate steps of the B3LYP functional with the percentage of exact exchange changed to 5% and 10% can be found in Appendix B, and a gradual change in the effective mass and the band gap is observed. The next step is introducing the range separation using the HSE functional family. When the range separation of this functional is set to zero, i.e., ω = 0 Bohr −1 , the PBE0 functional is recovered. As the range separation parameter is increased to an intermediate value of ω = 0.055 Bohr −1 , the curvature starts to get smaller again, resulting in increasing the effective mass. This is also presented in Appendix B. The HSE06 functional with range separation ω = 0.11 Bohr −1 further increases the effective mass, giving a value between the PBE and B3LYP functionals. The exact results are in Table II . The experimental value of the effective mass is 0.9 m e 19 ; however, this is an indirect derivation of the effective mass obtained from the optical reflectivity spectra using the Drude model, and its value deviates from our HSE06 calculations.
The change in the m * as a function of doping is shown in Fig. 7 . While the change in the effective mass as a function of doping is almost constant for PBE and LDA functionals, the introduction of the exact exchange with the B3LYP and PBE0 functionals shows a difference of ∼ 0.15 m e between the undoped x = 0 and the lowest doped x = 1/18 cases. This difference is more dramatic with the HF approximation: the effective mass is too small even in the undoped case and goes further down upon doping. Finally, the HSE06 functional displays only a moderate decrease with increasing doping.
B. Spin and Valley Magnetic Fields and Instabilities with the HF Approximation
As shown in the previous section, the electronic structure of Li x ZrNCl is composed by two parabolic bands (valleys) at points K and K ′ in the Brillouin zone. By adopting AAA stacking and an in-plane √ 3 × √ 3 × 1 supercell, the special K and K ′ of the unit-cell Brillouinzone fold at Γ in the Brillouin zone of the supercell. As a result, there will be two perfectly degenerate parabolic bands at Γ in the supercell Brillouin zone. By including the spin degrees of freedom, the total degeneracy at Γ of the supercell Brillouin zone is 4.
The nonmagnetic electronic structure calculated with the HF approximation and plotted in the √ 3 × √ 3 × 1 Brillouin zone is shown in Fig. 8 (a) . If a spin unbalance is allowed (i. e., a finite magnetization), then the spin degeneracy is broken and each one of the two bands splits in two twofold-degenerate bands [see Fig. 8 (b) ]. In the Brillouin zone of the unit cell, this would mean that the spin degeneracy in the valleys at K and K ′ is broken in the same way, as these two special points are still equivalent due to the unbroken C 6 symmetry. Within the HF approximation, as a finite magnetization is introduced to the system, the energy goes down, signifying that the HF approximation favors the magnetic state as the ground state. For x = 1/18, the energy of the undistorted system under magnetization in Fig. 8 (b) is 88 meV/cell (6 formula units) lower than the undistorted and nonmagnetic system in Fig. 8 (a) . This region of instability with the HF approximation continues up to the doping x = 1/6, as will be discussed in the following section.
It has been shown in Ref. 21 that all phonons strongly coupled to electrons and having phonon momentum q = K, K ′ (intervalley phonons) act as pseudo-magnetic fields, namely induce an asymmetry in the valley occupation, without breaking the spin degeneracy, at least as long as there is no net magnetization. Thus the intervalley distortion shifts the two valleys, changes the occupation per valley but preserves the absence of a magnetization in each valley. The action of an intervalley phonon on the electronic structure at zero magnetization is shown in Fig. 8 
(c).
Within the HF approximation, as the atoms are distorted along a phonon mode, the energy goes down; signifying that the HF approximation favors the charge density state as the ground state. For x = 1/18, the energy of the distorted and nonmagnetic system in Fig. 8 (c) is 101 meV/cell (6 formula units) lower than the undistorted and nonmagnetic system in Fig. 8 (a) .
Finally, Fig. 8 (d) shows the combined effect of an intervalley distortion and a finite magnetization. The fourfold degeneracy at Γ in the Brillouin zone of the supercell is completely broken and 4 different bands appear with different spin and electron occupations.
As expected, with the HF approximation, the distorted magnetic state has a lower energy than the undistorted non-magnetic state. For x = 1/18, the energy of the distorted and magnetic system in Fig. 8 (d) is 162 meV/cell (6 formula units) lower than the undistorted and nonmagnetic system in Fig. 8 (a) .
C. Spin Susceptibility
Magnetic properties are described by the spin susceptibility, which is the response of the spin magnetization to an applied magnetic field, namely:
where E and M are the total energy and magnetization, respectively. The non interacting spin susceptibility, χ 0s , is obtained by neglecting the electron-electron interaction of the conducting electrons. For perfectly parabolic bands, the non interacting spin susceptibility is doping independent and equal to
where µ s is the Bohr magneton, g v is the valley degeneracy (2 in our case), and m * the band effective mass. We calculate χ 0s from the density of states of the undoped compound, which is shown in Fig. 5 , and by extrapolating the N (0) of the desired doping. Our calculations show that χ 0s is not enhanced at the low-doping limit.
Experimental measurements 23, 24 carried out on Li x ZrNCl show that (i) the system is not magnetic and (ii) the spin susceptibility in Li x ZrNCl is strongly doping dependent with a marked enhancement in the low-doping limit 23, 24 , which is different than the expected χ 0s behavior. It is then natural to look for exchange and correlation effects in the susceptibility.
We calculate the spin susceptibility with local and hybrid functionals by finite differences. Namely we calculate the total energy at fixed magnetization and then use Eq. (1) to obtain χ s .
In Fig. 9 , we present the spin susceptibility enhancement factor χ s /χ 0s as a function of doping with different approximations. The top panel of Fig. 9 displays the behavior of the enhancement factor with the HF approximation. The HF approximation predicts that the nonmagnetic state is unstable in the low-doping limit. As the magnetization is turned on, there is a finite gain in energy leading to a negative spin susceptibility, χ s . This result is in agreement with HF calculations carried out in multivalley 2D electron gas 42 . Furthermore, we have analytically calculated the spin susceptibility enhancement with the HF approximation, considering the thickness of the 2D electron gas by including a form factor. Details of the analytic expressions are given in Appendix E. The region of instability with the analytic HF calculation is similar to the numerical results, proving that the form factor correctly takes into account the finite thickness of the 2D electron gas.
By reducing the amount of HF exchange in the functional, the spin susceptibility enhancement at low doping is reduced, as shown in Fig. 9 . On the contrary, the bottom panel of Fig. 9 shows that the LDA and PBE approximations show hardly any spin susceptibility enhancement. Thus, the susceptibility enhancement is entirely due to the exchange interaction. In Fig. 9 , we also compare our results with those obtained by a model based on RPA 21, 43 . The model assumes a 2D 2-valley electron gas with no intervalley Coulomb scattering. Under this assumption, only the intravalley electronelectron interaction remains and the RPA susceptibility can be calculated analytically, by using the LDA/PBE effective mass of undoped ZrNCl and the environmental dielectric constant, ǫ M = 5.59 19, 20, 44 , used in Ref. 21 .
The model is appropriate in the low-doping limit where |k F −K| << K (see Supplementary Material in Ref. 21 ), a condition necessary to have the intravalley electronelectron scattering dominating over the intervalley one.
As can be seen, the hybrid functional HSE06 gives an amount of enhancement from the high to low doping regime, comparable to the one obtained with the RPA model.
D. Phonon Frequencies
In this section we evaluate the phonon frequencies of Li x ZrNCl as a function of doping for several functionals.
We first compare the Raman-active phonon modes at the Γ point with the experimental values [45] [46] [47] , as given in Table I . We find that all the functionals are able to reproduce the Raman-active phonon modes within ∼ 10 − 20 cm −1 of the experimental values. The LDA performs better than the PBE and B3LYP in reproducing the phonon frequencies at the Γ point, but the introduction of exact exchange into the PBE functional improves the results at the PBE0 and HSE06 levels of approximation.
Next, we calculate the phonon frequencies of intervalley phonons (phonon momentum q = K). In Ref. 21, we establish that at the PBE level the intervalley phonon with the highest electron-phonon coupling has ω 1 ∼ 59 meV (the associated phonon displacement is shown in Fig. 10 ). The second mostly coupled intervalley phonon has ω 2 ∼ 25 meV. These two modes account for the two main features in the Eliashberg function. Thus we investigate in detail these two modes as a function of doping and as a function of the exact exchange fraction. The phonon frequencies are presented in Table I , and the behavior of frequency as a function of doping is shown in Fig. 11 .
The intervalley phonon ω 1 is softened significantly when doped, for all functionals. This softening in the low-doping limit is weaker for the local functionals (LDA/PBE); the change between the undoped and weakly doped modes is ∼ 100 cm −1 . It becomes substantial as the exact exchange fraction is enhanced, ∼ 300 cm −1 for PBE0. Furthermore, the softening decreases as a function of doping. In the case of PBE0 the softening at x = 1/18 is 40% of the phonon frequency at 2/9. It is worthwhile to stress that in the HF approximation (not shown here), as the non-magnetic state is unstable towards a magnetic instability, (see Sec. IV B), the phonon frequencies are imaginary. We explicitly verify this by calculating the phonon frequencies of the undistorted structure.
For the other intervalley phonon, ω 2 , the mode is also softened when doped, but it decreases as a function of doping. The softening of the frequency when doped is ∼ 30−50 cm −1 , and smaller than the softening of the ω 1 . Therefore, the main contribution to the electron-phonon coupling comes from the phonon mode ω 1 .
In metals, a prominent softening of the phonon fre- quency is a fingerprint of electron-phonon coupling. Thus the phonon frequency calculations suggest that the intervalley electron-phonon coupling of the mode ω 1 is enhanced in the low-doping limit in a way that is proportional to the amount of exact exchange present in TABLE I. Frequencies corresponding to the two modes at the K point with high electron-phonon coupling, and six modes at the Γ point which are Raman active and compared to the experimental values. All the frequencies are given in cm −1 . the functional, at least for what concerns non-rangeseparated functionals. The inclusion of range separation slightly decreases the phonon softening, that, however, remains substantial in the low-doping limit.
E. Electron-Phonon Coupling of Intervalley Phonons
The electron-phonon coupling matrix elements for a mode ν at a phonon momentum q = K for electronic states at the bottom of each valley, namely k = K, are defined as
where A labels the atoms in the unit cell, α is the Cartesian coordinate, and u K Aα is the Fourier transform of the phonon displacement of atom A along direction α, with phonon frequency, ω Kν , and v SCF is the periodic part of the screened potential.
The matrix element defined in Eq. (3) can be calculated in a frozen phonon approach. We consider a √ 3 × √ 3 × 1 supercell. As both the special points K and 2K fold at Γ when considering the supercell Brillouin zone, the electron-phonon matrix element in the supercell isg
where m, n are band indexes running from 1 to 2. Indeed as the valleys at K and 2K in the Brillouin zone of the unit cell now fold at Γ of the supercell, there are two degenerate bands, each one twofold degenerate due to spin. The operator ∆V is defined as
where now the Cartesian components of the phonon eigenvectorẽ
Aα
Γν are normalized in the √ 3 × √ 3 × 1 supercell and can be chosen as real.
Equation 4 can also be obtained in perturbation theory by considering the Hamiltonian of the undistorted supercell H 0 and ∆V as perturbation, namely,
where η is an arbitrary small constant that sets the magnitudes of the perturbation or, equivalently, of the phonon displacement. The calculation of the electron-phonon matrix element in the supercell amounts to calculating in first-order perturbation theory for degenerate states the quantity n|∆V |m . The calculation can be simplified even more by noting that the states |Γm must be a linear combination of the states |K and |K ′ in the Brillouin zone of the unit cell. As one can choose freely the states |Γm in the degenerate subspace, we make the choice |Γ1 = |K and |Γ2 = |2K . This choice assures that
as this matrix element couples electronic states at the same momentum in the Brillouin zone of the unit cell, via a perturbation with a non-zero modulation. So we are left with only the off-diagonal matrix elements. By diagonalizing the matrix of the perturbation, we obtain that the effect of the distortion on the electronic structure at linear order is to split the two degenerate valleys at Γ (see Fig. 8 (c) ) of an amount ∆ǫ = 2η| Γ1|∆V |Γ2 | = 2η|g In order to relate the electron-phonon coupling of the supercell to the one of the unit cell, we have to consider that the modesẽ Aα Γν are normalized in the supercell, so that:
For simplicity, in the rest of the discussion, we will denote g = |g ν K,2K |. To calculate the non-interacting electron-phonon coupling, g 0 , as in the case of the susceptibility, we use the insulating parent compound. We then obtain the electron-phonon matrix elements by displacing the atoms alongẽ Aα Γν obtained from a linear response run using the PBE functional and then by calculating the valley splitting in the supercell. As the relative magnitude of the different Cartesian components in the phonon eigenvector are determined only by the symmetry of the modes, the PBE eigenvector can then be used for all the functionals, without introducing any error.
TABLE II. For each doping, and the functional, the fundamental band gap Eg between valence maximum at the Γ point and conduction minimum at the K point, effective mass, m * , density of states at the Fermi level, N (0), magnetic susceptibility, χs, and the enhancement factor, χs/χ0s, of the magnetic susceptibility, electron-phonon coupling matrix element, g, for the phonon mode ω1 at the K point, with g0 calculated from the undoped x = 0 case, and the enhancement factor, g/g0, of the electron-phonon coupling matrix element. The results of the calculation are shown in Fig. 12 and Table II . While the electron-phonon matrix element is essentially constant when using the LDA/PBE functionals, it is substantially enhanced in the low-doping limit by the inclusion of exact exchange. The enhancement in the low doping limit decreases as the amount of exact exchange decreases, namely in going from the PBE0 to B3LYP functional, as shown in the top panel of Fig.  12 . In HSE06, the enhancement is intermediate between PBE and B3LYP, due to the introduction of range separation in the Coulomb term. Table II summarizes our results with the exact values of the E g , N (0), χ s , χ s /χ 0s , g, and g/g 0 obtained up to this point.
There is a contribution of the softening in the phonon frequencies to the enhancement of the electron-phonon matrix element, as also evident from Eq. (3). To eliminate this contribution, we also plot, in Fig. 13 , the electron-phonon matrix elements g g0 ω ω0 , where ω is the phonon frequency of the doped and ω 0 is the phonon frequency of the undoped structure. Once the contribution of the phonon modes is removed, the agreement between the enhancement of the electron-phonon coupling of the HSE06 functional and the RPA calculation of χ s /χ 0s is improved.
We finally attempt to estimate the error due to the use of a localized basis set on the electron-phonon coupling, by repeating our calculation with the plane-wave basis sets within the Quantum ESPRESSO method using the PBE functional for the lowest doping x = 1/18. We find that the error in g is 3.137% when using a localized basis set.
The reason for the enhancement of the electron-phonon matrix element has been explained using a model RPA Hamiltonian in Ref. 21 . As shown in Ref. 21 and in Fig. 8 , an intervalley phonon displacement can act as a pseudo-magnetic field by changing the occupations of the valley at K and K ′ without invoking a finite magnetization. In Ref. 21 (Supplemental Material) it was shown that as long as the intervalley Coulomb interaction can be neglected, many-body effects enhance the valley susceptibility in the same way as they enhance the spin susceptibility. Furthermore, it was shown that the electronphonon coupling of an intervalley phonon inducing a valley polarization (pseudomagnetic field) should have an enhancement electron-phonon interaction directly related to the spin/valley susceptibility by the equation
As the spin (and valley) susceptibility are strongly enhanced at low doping by many-body effects, the same behavior should be found in the intervalley electronphonon matrix element. Interestingly, following the work of Marchi et al. 42 , in a 2D 2-valley electron gas the spin susceptibility is mostly enhanced by the exchange interaction. The source of divergence of χ s /χ 0s is the exchange interaction, as the HF approximation is compared with the RPA calculation, while the correlation effects, taken into account with the Monte Carlo simulations in this work, bring this divergence down. Because r s < 1.5 for Li x ZrNCl, the RPA and Monte Carlo simulations are identical in the regime of our interest. Therefore, the main source of enhancement is the exchange interaction. This result of enhancement due to the exchange interaction agrees with our findings. Indeed, the similar enhancement of the electron-phonon interaction and of the spin susceptibility confirms the validity of Eq. (9).
V. CONCLUSION
In this study, we have analyzed how the exchange and correlation affect the electronic, magnetic, and vibrational properties of Li-doped ZrNCl, a two-dimensional two-valley semiconductor, using different levels of approximations: HF, DFT with standard approximations, LDA and PBE, hybrid functionals with exact exchange B3LYP and PBE0, and finally, a hybrid functional with exact exchange and range separation, HSE06.
By taking advantage of the parabolic conduction band minima, we have calculated the change in the effective mass and band gap. The HF approximation overestimates the band gap with respect to the experiments and underestimates the effective mass, and similarly, the change in these properties as a function of doping is more drastic with the hybrid functionals with exact exchange, PBE0 and B3LYP. On the other hand, standard DFT approximations show almost constant band gap and effective mass with changing doping. The inclusion of the range separation provides a moderate change in these properties, and the HSE06 results lie between the PBE and B3LYP functionals, and the band gap of the HSE06 functional is in good agreement with the experimental value.
The structure is unstable towards a magnetic and charge density state with the HF approximation. Indeed, at low doping, as the magnetization is introduced, the HF approximation predicts the ground state of the system to be magnetic. This presented itself as negative spin susceptibility up to the doping x = 1/6, at which it diverges. Parallel to this result, the larger the amount of the exact exchange in the hybrid functionals with PBE0 and B3LYP, the larger is the spin susceptibility enhancement towards the low-doping regime. On the other hand, the LDA and PBE approximations do not present any enhancement of the susceptibility. Only HSE06, a hybrid functional with exact exchange and range separation, shows spin susceptibility enhancement similar to the one obtained from the RPA calculations.
Next, the vibrational phonon modes and the electronphonon coupling are calculated. The phonon frequency of the mode at the K point with high electron-phonon coupling is softened significantly when a small doping is introduced to the system. The frequency then increases as a function of doping, and both the initial softening and the subsequent increase are larger, the larger the exact exchange.
We have calculated the electron-phonon coupling with the frozen phonon approach, by looking at the effect of the phonon displacement on the electronic bands. Analogously to how magnetic field lifts the spin degeneracy and splits the bands, the phonon mode acts as a pseudomagnetic field and lifts the valley degeneracy, splitting the electronic bands. This is reflected in our results where inter-valley electron-phonon matrix elements show a similar enhancement as compared to the enhancement in the spin susceptibility.
Therefore, we conclude that a phonon mode can act as a pseudomagnetic field and electron-phonon interaction can cause an intervalley polarization. The resulting electron-electron exchange interaction enhances the intervalley polarization, which in turn affects the superconducting temperature enhancement. Furthermore, the differences between the standard density functionals and those with exact exchange and range separation imply that the description of the susceptibility and electronphonon coupling with a range-separated hybrid functional would also be important in other 2D weakly doped semiconductors, such as transition-metal dichalcogenides and graphene. We have calculated the effective mass by making a fourth-order polynomial fit to the conduction band, along the direction of Γ to K to M points of the Brillouin zone, in a region around 0.1 eV above the Fermi level, and calculating the curvature at the band minimum. In Table   III , we present the fit parameters of the function:
4 , with energy in units of eV and k in units of 2π/a. As the absolute value of the energy is not known in the DFT framework, we set the zero of the energy to the bottom of the conduction band, making the constant term a 0 irrelevant. The third-and fourth-order terms are important, because they show how much the Fermi surface is warped with respect to that of the 2D electron gas.
The full expression for the dispersion E(k) can be found in Ref. 16 . For simplicity, we have assumed that the anisotropy in the effective mass tensor is small.. Hence, we have chosen the path Γ to K to M to take into account the conduction band minimum properly. To understand the isotropy in the effective mass, we calculated the effective mass with the same method for x = 1/18 with the PBE functional along the path Γ to K to Γ and obtain m * = 0.58, and M to K to M and obtain m * = 0.50, as compared to the one obtained along the path of Γ to K to M, m * = 0.53.
Appendix B: Changing the Exact Exchange and Range Separation
In addition to the standard forms of the hybrid functionals, to understand the role of the exact exchange percentage and the range separation, we have modified the parameters. We have changed the exact exchange percentage of the B3LYP functional from the original 20% to the intermediate values of 5% and 10%. In addition, if we set the range separation of the HSE functional to ω = 0, then the PBE0 functional must be recovered. We have performed the spin susceptibility calculations with this parameter to check this limit of the HSE06 implementation. Furthermore, we have changed the range separation to an intermediate value of ω = 0.055Å −1 , to observe the change in our values as a function of the range separation parameter. These results are presented in Table IV .
We have observed that slowly increasing the amount of exact exchange in the hybrid functional gradually changes the physical properties. If the results of Table  IV are compared to those in Table II , a gradual increase in the fundamental band gap, decrease in the effective mass, and increase in the susceptibility are observed with increasing exact exchange percentage.
In addition, the HSE functional with the range separation set to ω = 0 gives the PBE0 limit correctly, and the band gap, the effective mass, and the susceptibility are essentially the same. Furthermore, changing the range separation of the HSE functional to an intermediate value of ω = 0.055Å −1 , produces band gap, effective mass, and spin susceptibility values in between the original HSE06 and PBE0. The divergence of the spin susceptibility in the low-doping limit with PBE0 decreases with increased range separation. HSE06 functional gives reasonable results, but the perfect agreement with the experiments would only be produced by a functional with adjusted exact exchange and range separation parameters. The experimental data of spin susceptibility present the contributions of all the electrons in the system, including the core electrons and orbital contributions of the conducting electrons. These terms are doping independent, and are subtracted from the experimental data to obtain the spin susceptibility of the conduction electrons in the experimental Ref. 23 and the corresponding Supplemental Material:
The correct form of the Landau diamagnetic susceptibility is given in Ref. 21 and the corresponding Supplemental Material as χ L = −χ 0s /(3m * 2 ), and the experimental data presented in Fig. 14 show the corrected result.
For the theoretical results in Fig. 14 , we add a constant, C, to our calculations to account for the uncertainties in the spin susceptibility contribution of other doping-independent terms. To estimate this constant, we first calculate the Landau susceptibility, χ L , for each approximation, using the effective mass of the undoped structure. A further shift is added to the HSE06 functional to match the experimental enhancement of the susceptibility in the low-doping regime, and the same shift is added to all the other functionals for comparison. Table  V shows the Landau susceptibility, χ L , and the constant shift, C, applied to the calculations in Fig 14 . netization and distortion do not lead to an instability with the HSE06 functional, because the energy always increases with respect to the undistorted, nonmagnetic system. Since the system is not at the energy minimum in the case where the total magnetization is fixed, as in Fig. 15 panels (b) and (d) , the Fermi energy of the majority and minority spins are not the same, and the zero of the Fermi level of the majority spins is set to zero. All the electrons of the √ 3 × √ 3 cell are polarized in this case. The bands of the minority spin are not occupied; therefore the Fermi level of the minority spin band is set to the minimum of the conduction band.
Furthermore, we also present the displacement of each atom for the mode ω 1 corresponding to η = 0.8 in Table VI. This mode is dominated by the displacements of the N atoms along the x-y direction, and therefore is a breathing mode of the N atoms. The interacting spin susceptibility of multivalley 2D electron gas can be analytically calculated by where α = g v g s /4 = 1 for a valley g v = 2 and spin g s = 2 degeneracy, and q = 2xk F . The electron-gas parameter is defined as r s = 1/(a B √ πn), where the electron density, n is linked to the doping, x, per area, Ω, of 2 formula units of ZrNCl: n = 2x/Ω. At the low-doping regime, Li x ZrNCl has r s < 1.5. For a strictly 2D electron gas, the form factor F = 1 gives the textbook expression of the spin susceptibility enhancement within the HF approximation 22 : χ 0s /χ s = 1 − 2r s /π.
To take into account the thickness of the 2D electron gas, we obtain an additional term to the form factor. The form factor can be derived by considering the exchange energy E x = v q F (q), with the Coulomb potential, v q = 2π/q. Then we first Fourier-transform the 2D Coulomb interaction with a certain component along the z-direction, 
with q = 2xk F and the thickness of the 2D electron gas is taken into account in a * = a/a B renormalized by a B = ǫ M 2 /(m * e 2 ). The thickness of the electron gas is estimated from the thickness of the ZrN bilayer along thê c axis and is taken to be a = 2.5Å in our calculations. We use the effective mass numerically obtained from the undoped HF structure and the environmental dielectric constant set to ǫ M = 1.
In the analytic form of the Hartree-Fock approximation, the metallic screening of the adjacent layers is not taken into account. This is because the electronelectron interaction is not screened in the HF approximation. On the other hand, with the RPA approximation, the electron-electron interaction is screened. In addition, the hopping between the layers is negligible in the present case, hence the HF exchange energy does not contain inter-layer contributions. Indeed the HF exchange energy is equal to: (−1/2) d 3 rd 3 r ′ ρ(r, r ′ )(1/|r − r ′ |), where ρ(r, r ′ ) are the off-diagonal elements of the density matrix. The hopping between layers is negligible, ρ(r, r ′ ) = 0, if r and r ′ belong to different layers. Figure 16 shows the difference between the spin susceptibility enhancement with and without considering the thickness of the 2D electron gas. When the thickness is not taken into account, i.e., F = 1, the compound is unstable in a larger region of doping, x < 0.34, while considering the thickness of the 2D electron gas moves the instability region to x < 0.16, which better agrees with the numerical calculations as shown in Fig. 9 . The difference between the instability region with and without considering the thickness of the 2D electron gas, as well as the agreement between the analytic expression and the numerical calculations, gives us confidence in using the form factor F (x).
